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Abstract. Cohn asks if for every real quadratic field Q(y'm) with discrim- 
inant d there exists a non-maximal order corresponding to / > 1 such that 
the relative class number Hd{f) = h(f 2 d)/h(d) is one. We prove that when 
m = 46 (and in seven other cases) there is no such order. 



1. Introduction 

In his 1801 Disquisitiones arithmeticae, Gauss made advances in the theory of 
binary quadratic forms and brought forward questions in class theory that continue 
to be fruitful areas of research. Earlier, Lagrange had defined what it means for two 
binary quadratic forms to be equivalent, but then Gauss defined the composition 
of two forms and proved that the group of equivalence classes of binary quadratic 
forms with given discriminant was finite. Gauss only considered even discriminants, 
but this was quickly resolved. The order of this group is the class number h(d) [3]. 

In order to answer a conjecture of Gauss, Dirichlet in [5] studied relative class 
numbers Hd(f) — h(f 2 d)/h(d), where h(f 2 d) is the number of primitive quadratic 
forms of discriminant f 2 d. He proved that for certain d there are an infinite / 
such that h{f 2 d) = h(d) implying H d (f) = 1. Cohn in [SJ p. 219] states, "It is 
not known if such an / exists for each d." In this note, we prove that this is not 
always the case. In particular, if m — 46, then there is no non-maximal order with 
H d (f) = 1. 

Theorem 1.1. If m = 46, then the relative class number H c i(f) 1 for all f > 1. 

Like Gauss, Dirichlet's study was in the language of quadratic forms. It wasn't 
until Dedekind introduced ideals that the conjectures of Gauss (and results of 
Dirichlet and others) were rephrased in terms of quadratic fields. For our pur- 
poses to > is a square free integer, Q(y / m) the corresponding field, and d its 
discriminant. Cohn in [21 pp. 201-204] gives the correspondence between quadratic 
forms and ideals in Q(y / ro). We could then restate the question, asking if every 
quadratic field has a non-maximal order corresponding to / > 1 so that the relative 
class number is one. In general we follow the notation of [I], [21 pp. 216-217]. 



2. Results 



Rather that directly compute the ratio h(f 2 d)/h(d) we will use the following 
theorem: 

l 
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Theorem 2.1. [T][2j p. 217] Letm be a fixed, square-free, positive integer, and d be 
the field discriminant o/Q(-y/m). Let e m be the fundamental unit ofQ(y/m) written 
in the form x+ y^/™- w here z = 2 if m = 1 (mod 4) and 2 = 1 if m = 2,3 (mod 4). 

Define tp(f) = /TT I 1 — I — I — I where ( —) is the Legendre symbol and q is 

prime. Define 4>(f) to be the smallest positive integer such that (e m )^> <E Of , i.e. 

(Zm)^^ — — — — where b=0 (mod f ) and z is as above. Then 

z 

Hdif) ~ WY 

Please note that because we write e m in the form where we divide by z, the "y 
coordinate" of the fundamental unit will always be an integer, and so it make sense 
to ask if / divides y. Notice that if one is able to find a prime / that divides m but 
does not divide y in this notation, then that Hd(f) will equal 1. One one hand, 
since f\m\d we know the Legendre symbol is 0, and hence ip(f) = f ■ On the other, 
since Hd(f) is an integer, </>(/) = 1 or /. And since we chose / not dividing the y, 
we know (e m f £ O f . So cp(f) = f and H d (f) = 1. 

In the case of m — 46 it is impossible to find such an / since the the fundamental 
unit is e 46 = 24335 + 3588^46 = 5 • 17 • 157 + 2 2 • 3 • 13 • 23V2 • 23. This is first 
quadratic field with a fundamental unit with the property that m divides y, and so 
is a natural candidate to consider more carefully. 

We will now prove Theorem ll.il 



Proof. We'll start by considering primes / which don't divide 46. Since m = 46 = 
2 (mod 4), the discriminant is d = 4 • 46 = 184, and 2=1. Because / is prime, 

W) = /-(^)=/-(f) is even. 

We also know that the fundamental unit £46 = 24335 + 3588\/46- This is the 
smallest solution to the Pell equation x 2 — j/ 2 46 = 1. If we write £46 = ai + &i-\/46, 
then other solutions are of the form (a n + 6„\/46) = (ai + 61 a/46)™. These obey 
the recurrence relations 

a n+1 = aia n + 466i&„ 
b n +i = aib„ + b\a n . 
We can write this in matrix notation as 

a\ 466i \ / a,, 
b\ a\ J \ b n j y u n+ i 

ai 466i VV ai \ _ / a n+1 
h 01 J \ h J \ b n+1 

or 



, oU ( a\ 466i \ n ( a k \ _ ( a n \ 

[ ' \h ai J { b k )- \ b n J ■ 

It will be helpful to recognize that all powers of this matrix have determinant 1 
(since a\ — 46&f = 1) and have a nice "almost diagonal" form: 



( Ol 




( a 


46/? \ 


1 61 






a J 



3 



for some a, j3. 

We start by examining (£46) W) . We know (j)(f) - the minimum exponent such 
that (e4 6 )* e Of - must divide ip(f) because H d (f) G Z. Therefore, (£ 46 ) ,/ ' (/) G O/. 
Said differently, for 

ai 466i \ W) 1 f ai \ _ ( 



b\ a x ) \ bi J \ b^f) 

we know _/* | &-0(/) - Our goal, then will be to show f\b n for some n < ip(f). 

We look (mod /). From p. 59] we know that the solutions to x 2 — A&y 2 
1 (mod /) form a cyclic group of order / — (y) wmcn is our ^(/)- Therefore, 



ai 466i \ W) ( 1 



bi a x V 1 



(mod /). 



It turns out that 4 ^ bl )^ ^ ^ (mod /) is diagonal. To see this, we write 



'oi 46hi \lK/)/2 _ ( a 460 \ 
. fai ai / I /3 a y ' 



Then 



a 46/3 \ / a 46/3 \ / a 2 + 46/3 2 2 • 46a/3 \ / 1 



P a \ P a \ 2a(3 a 2 + 46(3 2 J \ 1 



(mod /) 



Since / was chosen not to divide 46, either / divides a or (3. If f\a, then 46/3 2 
1 (mod /). But at the same time, this matrix should have determinant a 2 — 46/3 2 = 
1, which means — 46/3 2 = 1 (mod /), which gives a contradiction. Therefore f\/3 
and we see that 



ARh \V>(/)/2 / n 
eti 46oi \ lav 



bi ai y I a 



(mod /). 



Setting n — ip(f) — 1 and k — ip(f)/2 in equation 12.11 above, we obtain the 
equation 

ai 466i \ / a w)/2 \ _ / av>(/) 



b\ ai y 1 ^ ^(/)/2 / V & W) 

Multiplying on the left by 4 ® bl )^ ^ gives the following equations 

ai 46&i \ / a v(/)/2 \ _ ( a i 46& i 1 ( HU) 



b\ a\ j \ &v(/)/2 / V a i / V ^(/) 



1 \ / a Hf)/2 \ = f HUin \ = ( a \ ( a W) 



(mod /). 



Therefore 6,/,(/)/2 = abMf) (mod /), and since we already know that /l^/) we 
know that (£ 46 ) v ' (/)/2 € £>/. Therefore ff d (/) > 2. 

A computation shows that when m = 46 that Hd(23) = 23 and Hd{2) = 2, 
because in both these cases, £46 £0/. 

Therefore, for all primes /, Hd(f) > 1. And since if f\g then Hd(f)\Hd(g), this 
proves that Hd{f) > 1 for all / > 1. 

□ 
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One might ask how many other Q(y/rn) satisfy that every non-maximal order 
gives a relative class number > 1. If there are other quadratic fields where to 
divides the y coordinate of e m , then the above proof would show that these fields 
never have a (non-maximal) relative class number of 1. Quadratic fields with this 
property were studied in [6] while researching powerful numbers. They tested all 
Q(y/m) with m < 10 7 and found only 8 fields such that m divides y. They are 
to = 46, 430, 1817, 58254, 209991, 1752299, 3124318 and 4099215. Therefore, for 
all other Q(y/m) with to square-free and < 10 one can find a prime / that divides 
to but not y, which would give Hd(f) = 1. 
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